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Symplectic reduction charge current Helicity,




1J Maxwell : $U(1)-\mathrm{Y}\mathrm{M}$
$\mathrm{R}^{4}$ 1 $\hat{A}=A_{1}dx^{1}+A_{2}dx^{2}+A_{3}dx^{3}+A_{0}dt$ F=d\^A
$F=B+Edt=B_{1}dx^{2}\Lambda clx’+$B2dx3 $\Lambda dx^{1}+B_{3}dx^{1}\Lambda dx^{2}+(E_{1}dx^{1}+E_{2}dx^{2}+E_{3}dx^{3})\Lambda$dt,
$B_{i}= \frac{\partial}{\partial x^{j}}A_{k}-\frac{\partial}{\partial x^{k}}A_{j}$ , $E_{i}= \frac{\partial}{\partial x^{i}}A_{0}-\frac{\partial}{\partial t}A_{i}$
$dF=ddA=0\text{ })$
$\frac{\partial}{\partial x^{j}}E_{k}-\frac{\partial}{\partial x^{k}}E_{j}+\frac{\partial}{\partial t}B_{i}=0$
$\mathrm{R}^{3}$ $d’= \sum_{i=1}^{3}\frac{\partial}{\partial x^{*}}dx^{i}$
$d’B=0$ , $d’E+ \frac{\partial}{\partial t}B=0$ , (1)
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$divB=0$ , $\nabla\cross E+\frac{\partial}{\partial t}B$ =0.
2 $\mathrm{j}=j_{1}dx^{2}\Lambda dx^{3}+j_{2}dx^{3}\Lambda dx^{1}+j_{3}dx^{1}\Lambda dx^{2}$ 3
$\rho dx^{1}dx^{2}dx^{3}$ $d\star\cdot F=\mathrm{j}\Lambda dt+\rho$ ( $\star$ 4 Hodge
$*$ 3 Hodge )
$d’*E$ $=\rho$dx1 $\Lambda dx^{2}\Lambda dx^{3}$ , $d’*B$ $+* \frac{\partial E}{\partial t}=\mathrm{j}$ , (2)
$divE=\rho$ , $\nabla\cross B+\frac{\partial}{\partial t}E=\mathrm{j}$
$\mathrm{j},$ $B,$ $E$ (1), (2)
$\rho$
1.2 4 Yang-Mills 3 Yang-Mills-Higgs
$M=\mathrm{R}^{4}$ Ymg-Mills $\frac{1}{2}\int_{M}|F_{\hat{A}}|^{2}dV$
$\hat{A}$ Yang-Mills
$d_{\hat{A}}^{k}F_{\hat{A}}=0$ , $d_{\hat{A}}F_{\hat{A}}=0$ ,
2 Bianchi
\^A=A+\phi dt $=A_{1}dx^{1}+A_{2}dx^{2}+A,dx^{3}+\phi d\mathrm{t}$,
$F_{\hat{A}}$ $=$ $B+Edt$,
$B$ $\equiv$ $F_{A}=\epsilon$:jkBidx$j\Lambda dx^{k}$ , $B_{i}= \frac{\partial A_{k}}{\partial x^{j}}-\frac{\partial A_{j}}{\partial x^{k}}+[AjAk]$ ,




$\star F_{\hat{A}}=*B\Lambda dt+*E,$ $d_{\hat{A}}=d_{A}+( \frac{\partial}{\partial t}-[\phi, \cdot])dt$
0 $=$ $d_{\hat{A}}^{\star}F_{\hat{A}}=\star$d$\hat{A}\hat{A}\star F=\star(d_{A}*Bdt+d_{A}*E+(*\dot{E}-[\phi, *E])dt)$
$=$ $(d_{A}^{*}B+[\phi, E]-\dot{E})+dA*E$ $dt$ .
$d_{\hat{A}}F_{\hat{A}}=0$
$d_{A}E+[\phi, B]-\dot{B}=0$ , $d_{A}B=0$ . (4)
(3), (4) 3 ( )
1.3 (ASD) $\hat{A}$ 3
$\langle$
$\hat{A}$ Y-M (ASD) 3




( ) (5) Bogomolnyi $(\text{ }\nearrow$
) ( $\nabla \mathrm{B}\neq 0$ )
$M=\mathrm{R}^{4}$ $M$ 3 $N^{3}$








$\frac{d}{dt}|_{t=0}CS(A+ta)$ $= \frac{1}{8\pi^{2}}\int_{Y}Tr(B\Lambda a)=(a, \frac{1}{8\pi^{2}}*B).$
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$Y$ infinitesimal ( motivation )
4 Yang-Mills ASD (3 ) Chern-Simons
functional gradient flow 4 instan-
ton 3 Floer
1.4
\^A=A+\phi dt 4 $\hat{\mathcal{G}}$
$\hat{g}\cdot\hat{A}=\hat{g}^{-1}\hat{A}\hat{g}+\hat{g}^{-1}d\hat{g}$
$\hat{g}\cdot\hat{A}=g^{-1}Ag+g^{-1}dg+g^{-1}(\phi+\dot{g}g^{-1})gdt$
$\text{ }t$ 3 $g=g$(t)
$g$ . $(A, \phi)==(g\cdot A, Ad_{g^{-1}}(\phi+\dot{g}g^{-1}))$
static 3
$g^{1}$ $(A, \phi)=(g\cdot A, Ad_{g^{-1}}\phi)$ .
2 3 Yang-Mills Poisson manifold
(3), (4) $N^{3}$ ( $+$ ) 7
$\mathrm{g}\backslash$
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2.1 3 $\mathrm{Y}\mathrm{M}$ (3) or (7)
$M=M^{3}$ 3 compact , $Parrow M$ $M$ $G$ ,
$A=A_{3}$ $A$
$\Omega^{1}$ (M, $adP$)
$A\in A$ $T_{A}A=\Omega^{1}$ ( $M,$ $a$dP).
$\alpha,$
$\beta\in\Omega^{k}$ (M, $adP$)
$( \alpha,\beta)k=\int_{M}<\alpha$ , $\beta>dx$
$<,$ $>$ Lie $G$ $R=$
TA symplectic $R=TA\ni$ $(A,p)$ , $p\in T_{A}A$ ,
($v$(A,p) $((a,x),$ $(b,y))$ $=$ $(b,x)_{1}-(a,y)_{1}$ , (9)
$(a,x),$ $(b,y)\in T_{(}$A,p)R $=\Omega^{1}(M,adP)\cross\Omega^{1}(M, adP)$
$R$ ((a, $x$ ) )
$\delta$H(A,p) $(\begin{array}{l}ax\end{array})=\lim_{tarrow 0}\frac{1}{t}(H(A+ta,p+tx)-H(A,p))$
$\delta H_{(A,p)}(\begin{array}{l}a0\end{array})=(\frac{\delta H}{\delta A},$ $a)_{1}$
$\delta$H(A,p) $(\begin{array}{l}0x\end{array})=(\frac{\delta H}{\delta p},x)_{1}$
$\frac{\delta H}{\delta A}$ , $\frac{\delta H}{\delta p}\in\Omega^{1}$ (M, $adP$)
$H(A,p)= \frac{1}{2}(F_{A}, F_{A})_{2}+\frac{1}{2}(p,p)_{1}$ (10)
$F_{A+ta}=F_{A}+td_{A}a+O$ (t2)
$\delta$H(A,) $(\begin{array}{l}ax\end{array})$ $=$ $(d_{A}a, F_{A})_{2}+(p,x)_{1}=(a, d_{A}^{*}F_{A})_{1}+(p,x)_{1}$
$=\omega$(A,p)((a, $x$), $(p,$ $-d_{A}^{*}F_{A})$ ).
$\frac{\delta H}{\delta A}=d_{A}^{*}F_{A}$ , $\frac{\delta H}{\delta p}=p$ ,
$X_{H}$




$\phi=0$ (3), (7) . 1.2
$\phi=0$ : $p=\dot{A}=-E.$
2.2 3 $\mathrm{Y}\mathrm{M}$ Poisson
$R$ Poisson
$\{F, G\}_{R}=\omega(X_{G}, X_{F})=(\frac{\delta F}{\delta A},$ $\frac{\delta G}{\delta p})_{1}-(\frac{\delta G}{\delta A},$ $\frac{\delta F}{\delta p})_{1}$ (14)
$\frac{\delta H}{\delta A}=d_{A}^{*}F_{A},$ $\frac{\delta H}{\delta p}=p$ , $H== \frac{1}{2}(F_{A}, F_{A})+\frac{1}{2}$ (p, $p$)
$\{G, H\}_{R}=$ $( \frac{\delta G}{\delta A},p)_{1}-$ (d$A*F_{A},$ $\frac{\delta G}{\delta p}$)
$1$
$=$ ( $\frac{\delta G}{\delta A},\dot{A}$) $1+(\dot{p},$ $\frac{\delta G}{\delta p}$) $1=\dot{G}$




$g\mathrm{t}(A,p)=(A+g^{-1}d_{A}g, g-1pg)$ , $g\in \mathcal{G}$ (15)
( ) $H$
$Lie\mathcal{G}=\Omega^{0}$ ( $M,$ $a$dP) $\xi\in Lie\mathcal{G}$ $R$
$\xi_{R}$
$\xi_{R}$(A, $p$) $= \frac{d}{dt}[_{=0}(\exp t\xi\cdot A,\exp t\xi\cdot p)=(d_{A}\xi, -ad\xi p)$
$R$ $J^{\xi}$ $(dJ^{\xi})_{(A,p)}=\omega_{(Ap)}(\cdot,$ $\xi$\tilde
$J^{\xi}((A,p))=(d_{A}^{*}p,\xi)$o (16)
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$(dJ^{\xi})_{(A,p)}(\begin{array}{l}a0\end{array})$ $= \lim_{tarrow 0}\frac{1}{t}((d_{A+ta}^{*}p,\xi)$0-(d$A*p,$ $\xi$ ) $0)= \lim_{tarrow 0}\frac{1}{t}(p, d_{A+ta}\xi-d_{A}\xi)_{1}$
$=$ $(p, [a,\xi])1=(a, [\xi,p])_{1}$ .
$(dJ^{\xi})_{(A,p)}(\begin{array}{l}0x\end{array})$ $=t. arrow 0\mathrm{h}\mathrm{m}\frac{1}{t}((d_{A}^{*}(p+tx),\xi)0-$ (d$A*p,$ $\xi$)o) $=$
$=$ $(d_{A}^{*}x,\xi)0=(x, d_{A}\xi)_{1}$ .
$(dJ^{\xi})_{(A,p)}(\begin{array}{l}ax\end{array})=(d_{A}\xi, x)_{1}-(a, -ad_{\xi}p)_{1}=\omega$ (A,p) $((a, x),$ $(d_{A}\xi, -ad_{\xi}p))$ .
$\frac{\delta J^{\xi}}{\delta A}=d_{A}\xi$ , $\frac{\delta J^{\xi}}{\delta p}=-ad_{\xi}p$
(16) $J^{\xi}$
$\mathrm{J}$ : $Rarrow(Lie\mathcal{G})^{*}\simeq Lie$ $\mathcal{G}$
$\mathrm{J}((A,p))=$ { $\xiarrow J^{\xi}(A,p)=(d_{A}^{*}p,\xi$)o}
$\mathrm{J}(A,p)=d_{A}^{*}p$ (17)
$A$ irreducible connections
$\mathrm{O}\in Lie\mathcal{G}$ $\mathrm{J}$ regular value
$A_{0}=\{(A,p); A\in A^{\mathrm{i}\mathrm{r}\mathrm{r}\mathrm{e}\mathrm{d}}|. \mathrm{J}(A,p)=0\}=\{(A,p); A\in A^{\mathrm{i}\mathrm{r}\mathrm{r}\mathrm{e}\mathrm{d}};d_{A}^{*}p=0\}$
$A^{\mathrm{i}\mathrm{r}\mathrm{r}\mathrm{e}\mathrm{d}}$ submanifold $(A_{0}, \omega)$ $\mathcal{G}$ invariant coisotropic sub-
manifold $\mathcal{G}$ $(A_{0},\omega)$ locally free $\mathcal{G}$-orbit null-foliation
leaves
$(A_{0}/\mathcal{G}, \omega)$ reduced symplectic manifold (Marsden-Weinstein
reduction theorem).





3 Vort\’icity Clebsh parametrization etc.
orbit space $(A_{0}/\mathcal{G}, \omega)$
. ( (orbit) )
$[\mathrm{K}]$
$3.\mathrm{I}$ Maxwell vorticity $=$ Clebsh parametriza-
tion
$P=\{(\mathrm{E}, \mathrm{B})\in\Omega^{1}(M)\cross\Omega^{2}(M) : d\mathrm{B}=0\}$
$\Phi=\Phi(\mathrm{E}, \mathrm{B})$ $\frac{\delta\Phi}{\delta \mathrm{E}}$ 1-form :
$d \Phi(\mathrm{E}, \mathrm{B})a=\lim_{\epsilonarrow 0}\frac{\Phi(\mathrm{E}+\epsilon a,\mathrm{B})-\Phi(\mathrm{E},\mathrm{B})}{\epsilon}=(a,$ $\frac{\delta\Phi}{\delta \mathrm{E}})_{1}$
$\frac{\delta\Phi}{\delta \mathrm{B}}\in\Omega^{2}(M)$
poisson bracket
$\{\Phi, \Psi\}v’=(\frac{\delta\Phi}{\delta \mathrm{E}},$ $d^{*}( \frac{\delta\Psi}{\delta \mathrm{B}}))_{1}-(\frac{\delta\Psi}{\delta \mathrm{E}},$ $d^{*}( \frac{\delta\Phi}{\delta \mathrm{B}}))_{1}$ (18)
$H= \frac{1}{2}((\mathrm{E}, \mathrm{E})_{1}+(\mathrm{B}, \mathrm{B})_{2})$
Poissson $\dot{\Phi}=\{H, \Phi\}$
$\frac{\partial \mathrm{E}}{\partial t}=-d^{*}\mathrm{B}$, $\frac{\partial \mathrm{B}}{\partial t}=d\mathrm{E}$ (19)
$A=$ {A;connections on $M$}
cotangent bundle $R=T^{*}A\simeq TA$ symplectic form 2.1 (9)
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Poisson $\{$ , $\}$R 2.2 (14) , $y\mathrm{o}$




. $\mathrm{E}=-p,$ $\mathrm{B}=F_{\mathrm{A}}$ $\dot{\mathrm{E}}=-d^{*}\mathrm{B}$ .
$(12, 13)$
$\psi$ : $(\mathrm{A},p)arrow(\mathrm{E}=-p, \mathrm{B}=F_{\mathrm{A}})$ (21)
$\{\Psi\circ\psi, \Phi\circ\psi\}_{vor}=\{\Psi, \Phi\}_{R}\circ\psi$ (22)
symplectic $(R,\omega)$ Poisson ( $P$, {, $\}$vor)
Poisson map




$\phi R=\frac{d}{dt}|t=0e^{it\phi}$ . $(\mathrm{A},p)=(d\phi, 0)$ .
$(dJ_{\psi})(\mathrm{A},p)=\omega(\mathrm{A},p)$ ( $\cdot,$ $\phi$R) $J_{\phi}(\mathrm{A},p)=(p, d\phi)_{1}=(d^{*}p, \phi)$ 1
$\mathrm{J}_{K}$ : $Rarrow Lie$ U(l) =R
JK=-d*p=d E (23)
(22), (23) $(R, \omega)$ $\mathrm{J}_{K}$ Marsden-Weinstein
reduction
$(\mathrm{J}_{K}^{-1}(\rho)/K,\omega)\simeq$ ( $P,$ $\{$ , } or)




Poisson symplectic reduction Poisson
symplectic leaf Poisson symplectic
Clebsch Parametrization $(R, \omega)$ ( $P$, {, $\}$v’)
Clebsch parametrization Clebsch Parametrization
.
118
3.2 incompressible flow Euler
$B\subset \mathrm{R}^{3}$ $B$ $Diff_{vol}$ (B)
$Vect_{\mathrm{d}\mathrm{i}\mathrm{v},\partial}(B)=$ { $\mathrm{v}\in$ Vect(B); $\mathrm{d}\mathrm{i}\mathrm{v}\mathrm{v}=0,$ $\mathrm{v}\cdot \mathrm{n}|_{\partial B}=0$}
.




$\frac{\delta F}{\delta \mathrm{v}}(\mathrm{v})\in \mathcal{G}$
$DF(\mathrm{v})\delta \mathrm{v}=1\mathrm{i}\epsilon$m $\frac{F(\mathrm{v}+\epsilon\delta \mathrm{v})-F(\mathrm{v})}{\epsilon}=\int_{B}\frac{\delta F}{\delta \mathrm{v}}$ \sim ) $\delta$v&3
.
$F,$ $G\in C^{\infty}(\mathcal{G}),$ $\mathrm{v}\in \mathcal{G}$ ,
$\{F, G\}_{\pm}(\mathrm{v})=\pm\int_{B}\mathrm{v}\cdot[\frac{\delta F}{\delta \mathrm{v}}(\mathrm{v})$ , $\frac{\delta G}{\delta \mathrm{v}}(\mathrm{v})]dx^{3}$ . (24)
$(\mathcal{G}, \{\cdot, \cdot\}\pm)$ Poisson –
$H( \mathrm{v})=\frac{1}{2}\int_{B}\mathrm{v}\mathrm{v}dx^{3}$
$\langle$
$\frac{\delta H}{\delta \mathrm{v}}(\mathrm{v})=\mathrm{v}$ Hamilton
$\frac{d}{dt}$F$(\mathrm{v}(t))=\{H, F\}_{-}(\mathrm{v})$
$\int_{B}\frac{\delta F}{\delta \mathrm{v}}(\mathrm{v})\cdot\dot{\mathrm{v}}dx^{3}=-\int_{B}\mathrm{v}|[\frac{\delta F}{\delta \mathrm{v}}(\mathrm{v}),$$\mathrm{v}]dx^{3}$
Veddiv, $(B)\ni \mathrm{v}$
$\int_{B}-\cdot\{\dot{\mathrm{v}}+$ $(\mathrm{v}. \nabla)$v $+\nabla$ ( $\frac{1}{2}||$v $||^{2}$ ) $\}\cdot\frac{\delta F}{\delta \mathrm{v}}(\mathrm{v})$dx$3=0$ , $\forall$F (25)
$\mathrm{u}=\frac{\delta F}{\delta \mathrm{v}}\in \mathcal{G}$ $q$
$\dot{\mathrm{v}}+$ $(\mathrm{v}.\nabla)$v $+\nabla$ ( $\frac{1}{2}||$v$||^{2}=-\nabla$q (26)
20
$p=q- \vdash\frac{1}{2}||\mathrm{v}||^{2}$








Hlicity vorticity $\omega$ $\omega$ $\mathrm{v}+\nabla f\in Ved_{\mathrm{d}\mathrm{i}\mathrm{v},\partial}(B)$
;
$\int_{B}\nabla f\cdot\omega d^{3}x=0$ .




$S^{3}=\{\mathrm{x}\in \mathrm{R}^{4}; |\mathrm{x}|=1\}$ vector field
$\omega=.-x_{2}\frac{\partial}{\partial x_{1}}+x_{1}\frac{\partial}{\partial x_{2}}-x_{4}\frac{\partial}{\partial x_{3}}+x_{3^{\frac{\partial}{\partial x_{4}}}}$




$\int_{S^{3}}\omega$ . $\mathrm{v}$ $dvol=\mathit{2}$ $\int_{S^{3}}\omega$ . $\omega$ $dvol= \frac{1}{2}\int_{\mathrm{S}^{3}}$ $dvol=\pi^{2}$
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ovorticity
Poisson $\{$ , $\}$ \pm
$\{F, G\}_{\pm}(\mathrm{v})$ $= \pm\int_{B}\mathrm{v}\cdot\lfloor\frac{\delta F}{\delta \mathrm{v}}(\mathrm{v}),$ $\frac{\delta G}{\delta \mathrm{v}}(\mathrm{v})\rfloor dx^{3}$
$= \mp\int_{B}\mathrm{v}((\nabla \mathrm{x}(\frac{\delta F}{\delta \mathrm{v}}(\mathrm{v})\cross\frac{\delta G}{\delta \mathrm{v}}(\mathrm{v})))d^{3}x$
$= \mp\int_{B}(\nabla \mathrm{x}\mathrm{v})\cdot(\frac{\delta F}{\delta \mathrm{v}}(\mathrm{v})\cross\frac{\delta G}{\delta \mathrm{v}}(\mathrm{v}))dx^{3}$
Poisson $\{$ , $\}$-
$\omega=\nabla\cross \mathrm{v}$
$\int_{B}\frac{\delta F}{\delta \mathrm{v}}\cdot\dot{\mathrm{v}}d^{3}x=\int_{B}\omega\cdot(\frac{\delta F}{\delta \mathrm{v}}\cross \mathrm{v})d^{3}x=\int_{B}\frac{\delta F}{\delta \mathrm{v}}$ . $(\mathrm{v}\cross\omega)d^{3}x$
$\dot{\mathrm{v}}=\mathrm{v}\mathrm{x}\omega+$ Vq.
$\dot{\omega}=$ $\nabla \mathrm{x}\dot{\mathrm{v}}=\nabla\cross(\mathrm{v}\mathrm{x}\omega)+$V $\cross\nabla q$
$=$ (ci . $\nabla$) $\mathrm{v}-(\mathrm{v}\cdot\nabla)\omega-(div\mathrm{v})\omega+(div\omega)\mathrm{v}$
$=$ $(\omega . \nabla)\mathrm{v}-(\mathrm{v} . \nabla)\omega$ .
Euler equation in vorticity formula
$\dot{\omega}+$ $(\mathrm{v} . \nabla)\omega-(\omega\cdot\nabla)\mathrm{v}=0$. (28)
Euler Clebsch parametrization ,
$Sp(2, \mathrm{R})$ ( $[\mathrm{M}$-W2], [K])
4 Helicity—-Chern-Simons Helic-
$\mathrm{i}\mathrm{t}\mathrm{y}$, discusion
(27) vorticity (29) Maxwell (20) vor-
ticity Maxwell (19)
Maxwell Helicity( Helicity) , (28)
$H(B)= \int_{M}$ A $\Lambda$ $dA=fM$ A $B$ , $B=F_{A}=dA$
$d(A+d\phi)=dA,$ $dB=0$ $H$ (B) $B=dA$
$A\in A$ $U(1)-$ Chem-Simons
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$H(E)=7$ $Tr(E\Lambda d_{A}E)$ (30)
$E=-p$ $g\in \mathcal{G}$ $parrow g^{-1}pg$ (2,3 )o
$H$(E) orbit space $A_{0}/\mathcal{G}$
$\langle$ vorticity
Maxwel Euler Yang-Mills
Vorticity orbit space Poisson
” ” Poisson Yang-
Mills (8) $\dot{B}=d_{A}^{*}E$
$\ulcorner$




Hellicity . R. Jackiw Chern-Simons
}Ielicity ( )
[M-W]. Marsden-Weinstein: The Hamiltonian struture of the Maxwell-
Vlasov equations, Physica $4\mathrm{D}(1982),394- 406$ .
[ $\mathrm{M}$-W2]. Marsden-Weinstein: Coadjoint orbits, vortices and Clebsch vari-
ables for incompressible fluids, Physica $7\mathrm{D}(1983),305- 323$ .
[A-K]. Arnold-Khesin: Topological methods in hydrodynamics, App. Math.
Ser. 125, Springer.
[K]. : (Clebsch parametrization
Hellicity), $\nearrow-\text{ }$ ($\mathrm{h}\mathrm{t}\mathrm{t}\mathrm{p}://\mathrm{w}\mathrm{w}\mathrm{w}.\mathrm{m}\mathrm{a}\mathrm{t}\mathrm{h}$ waseda.ac.jp/kori/ )
[J], R. Jackiw: Lectures in fluid dynamics, A particle theorists view of
supersymmetric, non-abelian, non-commutative fluid mechanics and d-branes.
CRM Ser in Math. Phys. Springer
